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VITERBO’S CONJECTURE FOR CERTAIN HAMILTONIANS OF
CLASSICAL MECHANICS
ROMAN KARASEV♠ AND ANASTASIA SHARIPOVA♣
Abstract. We study some particular cases of Viterbo’s conjecture relating volumes of convex
bodies and actions of closed characteristics on their boundaries, focusing on the case of a
Hamiltonian of classical mechanical type, splitting into summands depending on the coordinates
and the momentum separately. We manage to establish the conjecture for sublevel sets of
convex 2-homogeneous Hamiltonians of this kind in several particular cases. We also discuss
open particular cases of this conjecture.
1. Introduction
In this note we consider the Viterbo conjecture [9], prove some its new particular cases, and
discuss some relevant examples. We start with reminding the statement if the conjecture:
Conjecture 1.1 (Viterbo, 2000). For a convex body X ⊂ R2n the following inequality holds
volX ≥ cEHZ(X)
n
n!
.
Here we treat the Ekeland–Hofer–Zehnder capacity cEHZ(X) as the smallest action of a closed
characteristic on the boundary ∂X, when X is smooth, and extend it to non-smooth bodies by
continuity (say, in Hausdorff metric). A characteristic is a curve γ whose velocity γ˙ is always
in the one-dimensional kernel of the restriction of
ω =
n∑
i=1
dpi ∧ dqi
to the tangent space T∂X. The action of such a closed curve is the integral∫
γ
n∑
i=1
pidqi.
See more details of these definitions and some results in [9, 3].
Another point of view on this problem is to consider a proper (tending to +∞ at infinity)
convex Hamiltonian H : R2n → R and compare the volume of a domain X = {H(p, q) ≤ E}
with the smallest action of a closed Hamiltonian trajectory on the boundary {H(p, q) = E}.
Of course, this is just a reformulation, but we will mostly argue in these terms in this note,
because we want to concentrate on certain types of Hamiltonians from classical mechanics.
So far Viterbo’s conjecture seems rather hard, but one may try to attack its certain particular
cases. As it was shown in [3], the case of X = K×T for two convex bodies K ⊂ Rn and T ⊂ Rn
(Lagrangian product) is already interesting and for centrally symmetric K and T = K◦ (the
polar convex body) it is equivalent to the still unsolved Mahler conjecture [7],
volK · volK◦ ≥ 4
n
n!
.
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In the case of the Lagrangian product the capacity cEHZ(K × T ) turns out to be the shortest
length of the billiard trajectory in K with length measured by the support function of T , or
vice verse, see [4]. Nontrivial estimates of these capacities were made in [3, 1].
In this work we consider another natural case, related to a Hamiltonian coming from classical
mechanics with separated kinetic and potential energies, in the form
H(p, q) = T (p) + V (q).
Strictly speaking, this case already contains the case of Lagrangian products. Indeed, if we take
two norms ‖p‖K and ‖q‖T for separate components of the canonical coordinates, and consider
H(p, q) = ‖p‖mK + ‖q‖mT
then, for m→ +∞, the domain X = {H(p, q) ≤ 1} approaches the Lagrangian product of the
unit balls of ‖ · ‖K in p coordinates and ‖ · ‖T in q coordinates. But in this note we mostly
concentrate on the case m = 2 in the above formula, when the potential and kinetic energies
are convex and 2-homogeneous.
Our results show the validity of Viterbo’s conjecture for even 2-homogeneous Hamiltonians
with standard kinetic energy T (p) = |p|2/2, for some other classical even 2-homogeneous Hamil-
tonians in Theorems 2.2 and 4.4, and in a different situation, when the Hamiltonian is a sum
of functions of the pairs (pi, qi), Theorem 3.1.
2. Viterbo’s conjecture for some 2-homogeneous Hamiltonians
Let us show how to handle some very particular cases using the technique similar to [6,
Section 2]. The first one, considered in this section, deals with the mechanical case and is
a slight generalization of the harmonic oscillator, H = 1
2
∑n
i=1 p
2
i + f
2
i q
2
i , for which the level
surface is an ellipsoid and the capacity is known. The second one in Section 3 has a separation
of variables into pairs (pi, qi) instead of separating them into p and q, but is again a slight
generalization of the harmonic oscillator.
In the next theorem we consider the case of the standard kinetic energy and an even 2-
homogeneous potential energy.
Theorem 2.1. Put T = |p|2/2 (the standard kinetic energy, where | · | is the standard Euclidean
norm) and let V be proper, even, and 2-homogeneous. Then Viterbo’s conjecture holds for the
sets {T (p) + V (q) ≤ E}.
Proof. The assumption we have means V (q) > 0 for q 6= 0 and V (tq) = t2V (q) for every t ∈ R.
Write down the optimal inequality
V (q) ≤ α|q|2,
with equality V (q0) = α|q0|2 for some nonzero vector q0 and all its multiples, because of the
homogeneity.
Consider
H(p, q) =
1
2
|p|2 + V (q), H ′(p, q) = 1
2
|p|2 + α|q|2
and put (we may assume E = 1 without loss of generality)
X = {H(p, q) ≤ 1}, X ′ = {H ′(p, q) ≤ 1}.
It is clear that X ′ ⊆ X. Moreover, on the two-dimensional symplectic subspace P ⊂ R2n
spanned by (0, q0) and (q0, 0)
1 the Hamiltonians H and H ′ coincide together with their deriva-
tives (because the ratio H
H′ attains its maximum on this subspace).
1Since we already use the Euclidean norm, we have an identification between the canonical coordinates q and
p.
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Since C = P ∩ ∂X ′ = P ∩ ∂X is a closed trajectory for H ′, then C is also a closed trajectory
for H. X ′ is a symplectic ball, which is the equality case of Viterbo’s conjecture. Since X shares
the same closed characteristic with X ′, then cEHZ(X) ≤ cEHZ(X ′). In fact, the convexity of
X and X ′, and the monotonicity of the capacity implies cEHZ(X) = cEHZ(X ′). On the other
hand, the inclusion X ′ ⊆ X obviously implies volX ≥ volX ′. Hence Viterbo’s inequality is
valid for X as well. 
The previous theorem has a generalization. Before stating it we need to recall the standard
and useful in classical mechanics notion of the Legendre transform for a lower semicontinuous
(we actually only consider smooth) convex function f : Rn → R:
fL(p) = sup
q∈Rn
(〈p, q〉 − f(q)) ,
it is known that (fL)L = f , assuming the function is allowed to take value +∞. In case f is
2-homogeneous, fL also turns out to be 2-homogeneous. It also deserves to mention that the
Legendre transform reverts the inequalities, f ≥ g ⇒ fL ≤ gL.
Theorem 2.2. Let T, V : Rn → R+ be proper even 2-homogeneous and assume TL ≥ CV with
equality at some nonzero point q0, and at the line through the origin spanned by q0 from the
homogeneity. Assume also that there exists a positive definite quadratic form Q such that
TL ≥ Q ≥ CV.
Then Viterbo’s conjecture holds for the sets {T (p) + V (q) ≤ E}.
Proof. After a coordinate change we assume Q = |q|2/2 and C = 1 (the latter may scale the
capacity and the volume accordingly), in this case QL = |p|2/2, T ≤ QL and V ≤ Q with
equality at q0 and p0 equal to q0 in this coordinate system. Evidently, the circle
S = {uq0 + vp0 : u2 + v2 = 1}
is a closed characteristic of the boundary of the ball
X ′ =
{
Q(q) +QL(p) =
|q|2 + |p|2
2
≤ 1
2
}
.
Since on the linear span {uq0 + vp0} the derivatives of T +V are the same as the derivatives of
QL +Q (because there are the critical points of the inequalities T ≤ QL and V ≤ Q) then S is
also a closed characteristic of the boundary of X = {T (p) + V (q) ≤ 1/2}. From the inclusion
X ′ ⊆ X and the monotonicity cEHZ(X ′) ≤ cEHZ(X) it follows that cEHZ(X0) = cEHZ(X) = pi
and also
vol(X) ≥ vol(X ′) = pi
n
n!
.

Remark 2.3. Note that in the previous results we establish the Viterbo inequality for X by
putting a symplectic ball into X so that ∂X and the boundary of the ball share a common closed
characteristic. This proves that their Ekeland–Hofer–Zehnder capacities are equal, while the
inequality for volumes follows from the inclusion. It is still an open problem (the strong version
of Viterbo’s conjecture) to prove or disprove that it is possible to put (an open) symplectic ball
of capacity C into any convex body X ⊂ R2n of Ekeland–Hofer–Zehnder capacity C.
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3. Viterbo’s conjecture for a sum of Hamiltonians of pairs of canonical
variables
Here we give an example of another kind, when we consider the sum of one-dimensional
motions.
Theorem 3.1. Viterbo’s conjecture holds for the sets {H ≤ E} when we deal with a direct sum
of one-dimensional motions
H(p, q) =
n∑
i=1
Hi(pi, qi),
each Hi : R2 → R+ being proper with unique minimum and no other critical points in the plane.
Proof. This is essentially the result of [6, Section 2], but we provide the explanation here for
completeness.
In this case a periodic trajectory is a Cartesian product of periodic trajectories in all coordi-
nates. Let the corresponding areas of the projections of the trajectories be Ai =
∫
γ
pidqi. Since
the given Hamiltonians Hi are proper with unique minimum at the origin, for every Hi we
find uniquely a closed trajectory with given Ai, denote the value of Hi on such a trajectory by
Ei(Ai). Such closed trajectories in coordinates (pi, qi) will compose a closed trajectory in all the
coordinates if the periods coincide, which translates to the fact that ∂Ei
∂Ai
are equal to the same
number for those i with Ai > 0. Note that this condition is sufficient but not necessary, the
general case of a closed trajectory is when the periods of the projections are rational multiples
of each other.
Note that every Ei is a strictly increasing function of Ai. Consider the Ai as the coordinates
and study the function A = A1 + · · ·+ An of the set
YE = {(A1, . . . , An)|E1(A1) + · · ·+ En(An) = E}.
This set is diffeomorphic to a simplex of dimension n− 1, the critical points of A may belong
to its face, without loss of generality given by
Ak+1 = · · · = An = 0.
For the remaining A1, . . . , Ak we have from the Lagrange multiplier method:
∂E1
∂A1
= · · · = ∂Ek
∂Ak
= L.
This precisely means that any critical value A on YE corresponds to a closed trajectory with
action A, let AE be the minimal of the actions. It is clear that the set
XE = {(A1, . . . , An)|E1(A1) + · · ·+ En(An) ≤ E}
contains the simplex A1 + · · · + An < AE, the latter evidently having the symplectic volume
AnE
n!
. Hence the volume of XE is at least
AnE
n!
.
Consider Ai : R2 → R+ as a function, mapping a point (p, q) to the action of the Hi-
Hamiltonian closed trajectory passing through (p, q). They together constitute a map A :
R2n → (R+)n, evidently preserving the volume measure, hence for the preimage X ′E = A−1(XE)
we have
volX ′E = volXE =
AnE
n!
,
and cEHZ(X
′
E) ≤ AE, because the critical point of A we have found represents a closed charac-
teristic on the boundary of X ′E, which is a sublevel set of the original Hamiltonian. 
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Remark 3.2. Theorems 2.1 and 3.1 need no convexity assumption if just define cEHZ of the
set {H ≤ E} as the smallest action of a closed characteristic on its boundary. Note that thus
defined value should not be called a symplectic capacity since the capacities are assumed to be
inclusion-monotone.
4. Further questions and examples
4.1. General questions. Going back to the case when the pi and the qi are separated, we
note that the other little steps towards the general Viterbo conjecture would be:
Question 4.1. What ifH(p, q) = T (p)+V (q) with arbitrary proper, convex, even 2-homogeneous
T and V ?
Question 4.2. What if H(p, q) = |p|2/2 + V (q) with arbitrary proper convex V , not even, or
not 2-homogeneous?
Let us discuss Question 4.1 and its particular cases a bit more. As it was in the result about
Lagrangian products in [3], we expect the following case to be interesting:
H(p, q) = ‖p‖2∗ + ‖q‖2,
for a pair of arbitrary (symmetric) norm and its dual. In this case the convex body
X = {(p, q) : ‖p‖2∗ + ‖q‖2 ≤ 1}
is called the L2-sum K
◦ ⊕2 K, where K is the unit ball of ‖ · ‖ and K◦ is its polar, the unit
ball of ‖ · ‖∗.
In order to find closed trajectories of Hamiltonians of this kind, we can choose any direction
with q0 ∈ ∂K and its corresponding momentum p0 = ∂‖q‖∂q |q=q0 ∈ ∂K◦. Obviously, a closed
Hamiltonian trajectory on the boundary of X, lying in the 2-plane spanned by q0 and p0 is
possible for the 2-homogeneity. This trajectory behaves like a harmonic oscillator and its action
is evidently equal to pi. Could it happen that such trajectories have the smallest action of all
trajectories on the boundary of X? Assuming Viterbo’s conjecture we would then obtain
volX ≥ pi
n
n!
.
Note that for any norm ‖ · ‖ on Rm∫
Rm
e−‖x‖
α
dx = vol{x : ‖x‖ ≤ 1} · Γ(m/α + 1),
and therefore, for the L2-sum in Rn × Rn, we take α = 2 and split the integral of e−‖p‖2∗−‖q‖2
in two integrals to obtain (the binomial coefficient is defined for non-integer values using the
Γ-function)
(4.1)
(
n
n/2
)
volK◦ ⊕2 K = volK◦ · volK.
Hence our assumptions read:
volK◦ · volK ≥
(
n
n/2
)
pin
n!
,
or after a simplification:
volK◦ · volK ≥ pi
n
((n/2)!)2
.
But the latter is the Blaschke–Santalo´ inequality [5, 8] in the opposite direction, which is
generally false.
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Hence, the Hamiltonians of the form ‖p‖2∗ + ‖q‖2, with non-Euclidean norms, seem to have
closed trajectories “faster” than the oscillations going forth and back along a straight line
through the origin. At this point, we get convinced that it makes sense to investigate the basic
case (the `1 and `∞ norms)
H(p, q) = ‖p‖21 + ‖q‖2∞,
corresponding to the known equality case in Mahler’s conjecture, and examine its closed tra-
jectories more closely. We do this below.
4.2. A two-dimensional example. We now consider the simplest case when n = 2 and the
symplectic space is R4. In addition to one-dimensional forth-and-back trajectories mentioned
above, it is easy to see from the canonical Hamiltonian equations
q˙i =
∂H
∂pi
= 2(|p1|+ |p2|)∂|pi|
∂pi
(4.2)
p˙i = −∂H
∂qi
= −2 max
j
|qj|∂maxj |qj|
∂qi
(4.3)
that any other trajectory looks like the one in Figure 1 (its projection on p- and q-subspace are
shown) or this one with the opposite direction obtained by the substitution t→ −t.
Figure 1. a trajectory
Take a closer look at one trajectory’s cycle. In the planar case we can rotate one of the
planes to make both norms look similar (although making a non-symplectic transform), that
is we introduce variables
x1 =
q1 − q2
2
, x2 =
q1 + q2
2
,
for which ‖q‖∞ = ‖x‖1, H = ‖p‖21 + ‖x‖21 and write the new equations of motion
p˙1,2 = −‖x‖1(sgnx2 ± sgnx1), x˙1,2 = ‖p‖1(sgnp1 ∓ sgnp2),
whose trajectory is illustrated in Figure 2. Consider the cycle of trajectory’s points cor-
responding to non-smooth switches in the Hamiltonian: (0, p2, x1, x2) → (p1, p2, 0, x2) →
(p1, 0, x
′
1, x2)→ (p1, p′2, x′1, 0)→ (0, p′2, x′1, x′2)→ (p′1, p′2, 0, x′2)→ (p′1, 0, x′′1, x′2)→ (p′1, p′′2, x′′1, 0)→
(0, p′′2, x
′′
1, x
′′
2), we assume positive variables for the first point: p2, x1, x2 > 0. Such a switch oc-
curs when one of the variables becomes zero, and we call it a turning point, let us also call
the path between neighboring turning points a line segment. Note that any line segment has
two constant variables and we can identify the remaining variable in turning points from the
expression:
(4.4) ‖p‖21 + ‖x‖21 = (|p1|+ |p2|)2 + (|x1|+ |x2|)2 = 1.
Define the sequence of absolute values of new variables appearing on the end of each line
segment during the motion as {ai}, and sequences of acute angles αi = arccos a2i−1, βi =
arcsin a2i ∈ [0, pi2 ]. For example, for already considered cycle a1 = |p2| = cosα1, a2 = |x2| =
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sin β1, a3 = |p1| = cosα2, a4 = |x′1| = sin β2, a5 = |p′2|.... Note that α goes for p and β goes for
x (former q) coordinates. This sequence satisfies a recurrence
(4.5) an+1 =
√
1− a2n − an−1.
Figure 2. one cycle of a trajectory
Such an approach gives us very simple expression for the action of a closed trajectory which
consists of several cycles. It is known that for 2-homogeneous Hamiltonians the action of a closed
trajectory is equal to its period in terms of time. Since our Hamiltonian is 2-homogeneous,
we just find the time. As already mentioned, any line segment has two constant variables ai,
ai+1 expressed by angles α and β, and therefore the time required to pass this segment is also
determined by them.
By solving differential equations in one particular case, we find the time of motion from point
A = (0, p2, x1, x2) to point B = (p1, p2, 0, x2) with p1 < 0, p2, x1, x2 > 0:{
p˙1(t) = −2x1(t)− 2x2(t), p˙2(t) = 0,
x˙1(t) = 2p1(t)− 2p2(t), x˙2(t) = 0
with initial condition {
p1(0) = 0,
x1(0) = x1.
The solution appears to be{
p1(t) = −(x1 + x2) sin 2t− p2 cos 2t+ p2
x1(t) = (x1 + x2) cos 2t− p2 sin 2t− x2
and we find t1 from {
p1(t1) = p1,
x1(t1) = 0,
as
t1 =
1
2
arcsin
(√
1− x22
√
1− p22 − p2x2
)
=
1
2
(α1 − β1).
In the general case, for a line segment with constant ai, ai+1 expressed by angles α and β
(α ≥ β) the time t = 1
2
(α − β) is required to pass. For calculating the time of the whole
trajectory we have to sum the times of all line segments. It is difficult to obtain an exact closed
expression for the action, but it is possible to estimate it.
Lemma 4.3. Let γ be a closed trajectory of H = ‖p‖21 + ‖q‖2∞ = 1 with k cycles, then action
of γ is at least k.
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Proof. For γ we have a defining sequence
cosα1, sin β1, cosα2, ..., sin βn,
where 2n = 8k as one cycle generates eight angles, and the constraints from (4.5)
cosαi + cosαi+1 = cos βi, sin βi−1 + sin βi = sinαi.
Summing all the equations we obtain
2
n∑
i=1
cosαi =
n∑
i=1
cos βi and 2
n∑
i=1
sin βi =
n∑
i=1
sinαi.
Then for the the action we have
S =
1
2
(α1 − β1 + α2 − β1 + α2 − β2 + · · ·+ α1 − βn)
and therefore
2S ≥ cos β1 − cosα1 + sinα2 − sin β1 + cos β2 − cosα2 + · · ·+ sinα1 − sin βn =
=
n∑
i=1
cos βi −
n∑
i=1
cosαi +
n∑
i=1
sinαi −
n∑
i=1
sin βi =
n∑
i=1
cosαi +
1
2
n∑
i=1
sinαi ≥ n
2
.
Since the function cosα + 1
2
sinα has the minimal value 1
2
on [0, pi
2
], we obtain S ≥ n
4
= k. 
Theorem 4.4. The smallest action of a closed trajectory of H = ‖p‖21 + ‖q‖2∞ = 1 is 4 arcsin 35
and Viterbo’s conjecture holds true for its sublevel sets, the `2-sums of the square and its polar
(also a square).
Proof. As it was shown in [2], a centrally symmetric Hamiltonian should have a centrally
symmetric minimal closed trajectory. Any such trajectory may be viewed as an odd map from
the circle to R4, should consists of odd number of cycles. Thus it is sufficient to consider
centrally symmetric trajectories with 1, 3, 5, and so on cycles around the origin.
In case of one cycle we have a defining sequence {ai} with ai+4 = ai and obtain from (4.5)
a22 + (a1 + a3)
2 = 1 = (a5 + a3)
2 + a24, a2 = a4,
and similarly a1 = a3. Therefore for any n 6= m we have
a2n+1 = a2m+1 = a, a2n = a2m = b.
Again using (4.5) or (4.4): a2 + 4b2 = 1, b2 + 4a2 = 1. This gives
a2i =
1
5
, cosαi = sin βi =
1√
5
, sinαi = cos βi =
2√
5
,
sin(αi − βi) = sinαi cos βi − cosαi sin βi = 2√
5
· 2√
5
− 1√
5
· 1√
5
=
3
5
,
αi − βi = arcsin 3
5
,
and
S =
4∑
i=1
αi −
4∑
i=1
βi = 4 arcsin
3
5
= 2.57 . . . .
If the trajectory has more than one cycle then it has at least 3 cycles and its action is at
least 3 from Lemma 4.3. A forth-and-back trajectory has the action S = pi, this we have found
a trajectory with the smallest action.
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It is left to check Viterbo’s conjecture for this minimal trajectory, for the body X = {H = 1}
we have the Ekeland–Hofer–Zehnder capacity
cEHZ(X) = S = 4 arcsin
3
5
= 2.5740 . . . < 2
√
2
and
vol(X) = 4 =
(2
√
2)2
2
>
c(X)2
2
.

Note that this trajectory also gives the estimate for the case R6. Using the formula that we
have already mentioned,
vol(K◦ ⊕2 K) = ((n/2)!)
2
(n!)2
· 4n,
for n = 3 we obtain
vol(K◦ ⊕2 K) = pi >
(4 arcsin 3
5
)3
3!
≥ c
3
3!
.
Hence, Viterbo’s conjecture holds for n = 3 as well. However, for higher dimensions such
trajectories are insufficient to show the validity of Viterbo’s conjecture. In fact, for the capacity
(action) we have inequality ’
c(K◦ ⊕2 K) ≤ 4 ·
(
((n
2
)!)2
n!
) 1
n
,
hence for n = 4,
c(K◦ ⊕2 K) ≤ 4 ·
(
1
6
) 1
4
= 2.55 . . . < 2.57 . . .
4.3. A higher-dimensional example. We are going to generalize the above two-dimensional
example to dimensions n > 2. We will not be able to determine the shortest closed trajectory,
but will prove that Viterbo’s conjecture holds in this case.
Theorem 4.5. Viterbo’s conjecture holds for the convex body in R2n defined by
H(p, q) = ‖p‖21 + ‖q‖2∞ ≤ 1.
Proof. Consider the trajectory on the surface {H(p, q) = 1} starting from the point
qi(0) =
n− 2(i− 1)√
n2 + (n− 1)2 , i = 1, ..., n
p1(0) = 0, pj(0) =
1√
n2 + (n− 1)2 , j = 2, ..., n
Let us write the Hamiltonian equations for this Hamiltonian:
q˙i =
∂H
∂pi
= 2(|p1|+ ...+ |pn|)∂|pi|
∂pi
,
p˙i = −∂H
∂qi
= −2 max
j
|qj|∂maxj |qj|
∂qi
If |qk| = max
j
|qj| then we have
q˙i = 2(|p1|+ ...+ |pn|) · sgnpi,
p˙k = −2qk, p˙j = 0 j 6= k.
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In our case q1(0) = max
j
|qj| and p1(0) = 0, so the after the initial moment q1 decreases and qj
increases with the same velocity, p1 decreases and pj does not change. Such a motion continues
until the moment t1, when q1 stops being the largest in the absolute value and gets equal to q2.
At this moment we have
q1(t1) =
n− 1√
n2 + (n− 1)2 = q2(t1), qi(t1) =
n− 2(i− 1) + 1√
n2 + (n− 1)2 , i = 3, ..., n
p1(t1) =
−1√
n2 + (n− 1)2 , pj(t1) =
1√
n2 + (n− 1)2 , j = 2, ..., n.
Then the coordinates q1, q2, . . . , qn become the largest one by one, arriving to
n√
n2+(n−1)2 before
q1 reaches the value
−n+1√
n2+(n−1)2 at the moment t2n and becomes the largest by the absolute
value again going to q1(t2n+1) =
−n√
n2+(n−1)2 . Thereafter the trajectory goes in the centrally
symmetric way until the moment t4n, when the trajectory returns to the starting point. The
projections of the trajectory to p and q spaces for n = 3 are shown in Figure 3. The graphs for
the evolution of the qi and the pi in time are shown in Figures 4.
Figure 3. Projections of the trajectory to p and q spaces.
Figure 4. Time evolution of p and q coordinates.
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As in the case n = 2, let us introduce the angles αi, βi:
|q1(0)| = sinα1;
|q1(t1)| = |q2(t1)| = sin β1;
|q2(t2)| = sinα2;
|q2(t3)| = |q3(t3)| = sin β2;
...
|qn(t4n−1)| = sinα2n;
|qn(t4n)| = |q1(t4n)| = sin β2n.
However, for our trajectory the angles only have two different values:
sinαi =
n√
n2 + (n− 1)2 = cos βi, sin βi =
n− 1√
n2 + (n− 1)2 = cosαi.
Thus it is easy to find the period of the trajectory:
T =
2n∑
i=1
αi −
2n∑
i=1
βi = 2n(α− β)
where α = αi, β = βi. Eventually we have an explicit expression for T :
T = 2n arcsin
2n− 1
n2 + (n− 1)2
and want to compare it to the value 4 ·
(
((n
2
)!)2
n!
) 1
n
that arises from Viterbo’s conjecture. In fact,
we will prove Viterbo’s conjecture for our surface H in the form:
(4.6) 4 ·
(
((n
2
)!)2
n!
) 1
n
≥ 2n arcsin 2n− 1
n2 + (n− 1)2
From the Stirling’s formula one can get n!
((n
2
)!)2
≤ 2n√
pi n
2
. Hence
4 ·
(
((n
2
)!)2
n!
) 1
n
≥ 2 ·
(pin
2
) 1
2n
.
In order to prove (4.6) it is sufficient to check:
2 ·
(pin
2
) 1
2n ≥ 2n arcsin 2n− 1
n2 + (n− 1)2
sin
((pin
2
) 1
2n 1
n
)
≥ 2n− 1
2n2 − 2n+ 1 .
Note that sin(x) ≥ x− x3
6
when x ≥ 0, then
sin
((pin
2
) 1
2n 1
n
)
≥
(pin
2
) 1
2n 1
n
− 1
6
·
(pin
2
) 3
2n 1
n3
.
On the other hand
n · 2n− 1
2n2 − 2n+ 1 =
2n2 − n
2n2 − 2n+ 1 = 1 +
n− 1
2n2 − 2n+ 1 ≤ 1 +
1
2n
.
So it is sufficient to check the inequality:(pin
2
) 1
2n − 1
6
·
(pin
2
) 3
2n 1
n2
≥ 1 + 1
2n
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4
) 1
2n · (2n) 12n ≥ 1 + 1
2n
+
2
3
·
(pi
4
) 3
2n (2n)
3
2n
(2n)2
or after the variable change x = 2n(pi
4
) 1
x · x 1x ≥ 1 + 1
x
+
2
3
·
(pi
4
) 3
x x
3
x
x2
.
We can evaluate the left part(pi
4
) 1
x · x 1x = exp
((
lnx− ln 4
pi
)
1
x
)
≥ 1 +
(
lnx− ln 4
pi
)
1
x
and reduce the problem to simple inequality
1 +
(
lnx− ln 4
pi
)
1
x
≥ 1 + 1
x
+
2
3
·
(pi
4
) 3
x x
3
x
x2
lnx− ln 4
pi
≥ 1 + 2
3
·
(pi
4
) 3
x x
3
x
x
.
For x ≥ 10 we have
lnx ≥ ln 10 > 2, 3 > 2 + ln 4
pi
≥ 1 + 2
3
·
(pi
4
) 3
x x
3
x
x
+ ln
4
pi
,
and it remains to prove (4.6) only for n = 1, 2, 3, 4:
4 ·
(
((1
2
)!)2
1!
) 1
1
= pi = 2 arcsin
1
1
4 ·
(
((2
2
)!)2
2!
) 1
2
= 2
√
2 > 2, 6 > 4 arcsin
3
5
4 ·
(
((3
2
)!)2
3!
) 1
3
= (6pi)
1
3 > 2, 66 > 6 arcsin
5
13
4 ·
(
((4
2
)!)2
4!
) 1
4
> 2, 55 > 8 arcsin
7
25
.
Thus we have proved (4.6) for all n, therefore this trajectory satisfies Viterbo’s inequality and
the conjecture holds for considered Hamiltonian. 
References
[1] A. Akopyan, A. Balitskiy, R. Karasev, and A. Sharipova. Elementary approach to closed billiard trajectories
in asymmetric normed spaces. Proceedings of the American Mathematical Society, 144(10):4501–4513, 2016.
arXiv:1401.0442.
[2] A. Akopyan and R. Karasev. Estimating symplectic capacities from lengths of closed curves on the unit
spheres. 2018. arXiv:1801.00242.
[3] S. Artstein-Avidan, R. Karasev, and Y. Ostrover. From symplectic measurements to the Mahler conjecture.
Duke Mathematical Journal, 163(11):2003–2022, 2014. arXiv:1303.4197.
[4] S. Artstein-Avidan and Y. Ostrover. Bounds for Minkowski billiard trajectories in convex bodies. Interna-
tional Mathematics Research Notices, 2012. arXiv:1111.2353.
[5] W. Blaschke. U¨ber affine Geometrie VII: Neue Extremeigenschaften von Ellipse und Ellipsoid. Ber. Verh.
Sa¨chs. Akad. Wiss. Leipzig, Math.-Phys. Kl, 69:306–318, 1917.
[6] D. Hermann. Non-equivalence of symplectic capacities for open sets with restricted contact type boundary.
1998. Pre´publication d’Orsay, available online at u-psud.fr.
[7] K. Mahler. Ein U¨bertragungsprinzip fu¨r konvexe Ko¨rper. Cˇasopis pro Pe˘stova´n´ı Matematiky a Fysiky, 68:93–
102, 1939.
VITERBO’S CONJECTURE FOR CERTAIN HAMILTONIANS OF CLASSICAL MECHANICS 13
[8] L. A. Santalo´. Un invariante afin para los cuerpos convexos de espacio de n dimensiones. Portugal. Math,
8:155–161, 1949.
[9] C. Viterbo. Metric and isoperimetric problems in symplectic geometry. J. Amer. Math. Soc., 13(2):411–431,
2000.
Roman Karasev, Dept. of Mathematics, Moscow Institute of Physics and Technology, In-
stitutskiy per. 9, Dolgoprudny, Russia 141700
Roman Karasev, Institute for Information Transmission Problems RAS, Bolshoy Karetny
per. 19, Moscow, Russia 127994
E-mail address: r n karasev@mail.ru
URL: http://www.rkarasev.ru/en/
Anastasia Sharipova, Dept. of Mathematics, Moscow Institute of Physics and Technology,
Institutskiy per. 9, Dolgoprudny, Russia 141700
